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University.1. Introduction
In both Newtonian and non-Newtonian ﬂuids the shear stress
is directly proportional to the shear rate. The constant of pro-
portionality is the viscosity which can also be deﬁned as the
ratio of rate of shear stress to the rate of shear strain. In early
study, Stokes [1] discussed that the viscosity in ﬂuids can be a
function of pressure. Later on, various researcher explored
experimental data which shows while dealing with the polymer
melts [2], viscosity can be a function of pressure. Aho and Syrj-
ala [3] have evaluated pressure dependent viscosity for some ofthe polymers using capillary rheometer experimentally. They
discerned through analysis that the viscosity of polystrene is
strongly dependent upon pressure. Some simple ﬂows of vis-
cous ﬂuids with pressure dependent viscosities have been dis-
cussed numerically by Hron et al. [4].
Recently Malik et al. [5,6] have reported numerically both
Couette and Poiseuille ﬂow for non-Newtonian ﬂuids with
pressure dependent viscosity in a porous medium. The study
of non-Newtonian ﬂuids through porous medium is another
important area which occurs in a broad range of engineering
applications such as transport processes in a chemical industry,
storage of nuclear waste material, discoveries of the ﬂow of oil
in petroleum reservoirs, etc. Although there are number of
researchers [7–12] who have addressed non-Newtonian ﬂuids
through porous medium with different geometries. There is
limited work available for non-Newtonian ﬂuids with the
assumption of pressure dependent viscosity along with pres-
sure dependent porous medium. Some more relevant article
related to the topic is cited in the Refs. [13–16]. Still pressure
dependent viscosity and pressure dependent porosity for
Fig. 1 Fluid ﬂows on an inclined plane.
428 M.Y. Malik et al.Carreau ﬂuid have not been collaborated. Present study is
focused on a pressure dependent viscosity and pressure depen-
dent porous medium for a Carreau ﬂuid.
The governing equations for Carreau ﬂuid with pressure
dependent viscosity in the presence of porous medium effects
are modeled and then solved numerically for Poiseuille ﬂow
and Couette ﬂow. In both the ﬂow situations, four different
consolidations of pressure dependent viscosity with pressure
dependent porous medium have been assumed and solved
numerically. Some important physical parameters have been
examined through graphs and tables. Since this is a theoretical
idea which is based on the assumptions, experimentalists can
verify it for typical applications.
2. Fluid model
Let us consider an incompressible unidirectional ﬂow of a Car-
reau ﬂuid with pressure dependent viscosity in an inclined
channel of height h. We are considering Cartesian coordinate
system such that (u(y),0,0) is velocity vector in which u is
the x-component of velocity and y is perpendicular to x-axis.
The equations that govern the ﬂow of an incompressible ﬂuid
through a porous medium are
div V ¼ 0; ð1Þ
q
dV
dt
¼ pIþ div sij þ qg aðpÞsV; ð2Þ
where V is the velocity vector, q is the density, p is the pressure,
I is the unit tensor, sij is the extra stress tensor, g is the accel-
eration due to gravity and a is the pressure dependent porous
medium parameter. The constitutive equation for Carreau
ﬂuid is given by [13]
l l1
l0  l1
¼ ½1þ ðC _cÞ2
ðb1Þ
2 ; ð3Þ
in which l1 is the inﬁnite shear rate viscosity, l0 is the zero
shear rate viscosity, C is the time constant, b is the power
law index and _c is deﬁned as
_c ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
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r
;
where
P ¼ 1
2
trðgrad Vþ ðgrad VÞTÞ2:
P is the second invariant strain tensor. We consider the consti-
tutive Eq. (3), the case for which l1 = 0 and C_c << 1. The
component of extra stress tensor therefore, can be written as
sij ¼ l0 1þ
ðb 1Þ
2
ðC _cÞ2
 
_cij: ð4Þ
Note that in Eq. (4) l0 is the viscosity which is a function of
pressure.
3. Mathematical formulation
We shall assume that the velocity and the pressure ﬁeld are of
the form (see Fig. 1)
V ¼ ðuðyÞ; 0; 0Þ p ¼ pðyÞ: ð5ÞWith the help of Eqs. ((2)–(5)), the component form of Eq. (2)
in the presence of gravity and porous media effects take the
following form
 @p
@x
þ @
@y
l0ðpÞ 1þ
1
2
ðb 1Þ C du
dy
 2 !
du
dy
" #
þ qg sin h aðpÞ 1þ 1
2
ðb 1Þ C du
dy
 2 !
u ¼ 0; ð6Þ
 @p
@y
 qg cos h ¼ 0: ð7Þ
For our convenience we use l(p) instead of l0(p).
Introducing the dimensionless variables
y ¼ y
h
; u ¼ u
Uc
; We ¼ CUc
h
; ð8Þ
where Uc is the characteristic velocity and We is the Weiss-
enberg number.
With the help of Eqs. (8), (6) and (7) after dropping the bars
can be written as
1þ 3
2
ðb 1Þ Wedu
dy
 2 !
d2u
dy2
þ 1
lðpÞ
dlðpÞ
dy
1þ 1
2
ðb 1Þ Wedu
dy
 2 !
du
dy
 h2 1þ 1
2
ðb 1Þ Wedu
dy
 2 ! aðpÞ
lðpÞ uþ
qgh2 sin h
UclðpÞ ¼ 0; ð9Þ
dp
dy
þ qgh cos h ¼ 0: ð10Þ
The solution of Eq. (10) is
p ¼ p0 þ qgh cos hð1 yÞ; ð11Þ
where p0 is the pressure at y= h.
With the help of Eq. (11), the solution of Eq. (9) has been
computed in the next section for two types of boundary condi-
tions known as
(i) Poiseuille ﬂow.
(ii) Couette ﬂow.
Table 1 Velocity for C1 = 1 = C4, C2 = 5 = C3, b= 0.4,
n= 2, m= 3 and We= 0.1 in case of Poiseuille ﬂow.
y u
Case1 Case2 Case3 Case4
0 0 0 0 0
0.10 0.055579371 0.051044719 0.055151524 0.042118556
0.20 0.102536473 0.093309623 0.103730943 0.078386160
0.30 0.142608319 0.129056253 0.145398995 0.109939917
0.40 0.175733294 0.158846514 0.179218386 0.136886144
0.50 0.200198540 0.181544924 0.203458657 0.158178047
0.60 0.212593918 0.194145427 0.215275424 0.171315410
0.70 0.207626102 0.191476439 0.210182167 0.171810341
0.80 0.177813392 0.165838613 0.181162621 0.152310543
0.90 0.113052792 0.106631915 0.117120498 0.101167906
1.00 0 0 0 0
Fig. 2 Velocity proﬁle for Poiseuille ﬂow with l(p) = A exp(ap), C3 =
Fig. 3 Velocity proﬁle for Poiseuille ﬂow with lðpÞ ¼ A p
p0
 n
; C3 ¼
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In this case we assume that the boundaries at y= 0 and y= h
are rigid surfaces. Therefore,
uð0Þ ¼ 0; uðhÞ ¼ 0;
and the dimensionless form of the boundary condition is
uð0Þ ¼ 0; uð1Þ ¼ 0: ð12Þ
To solve Eq. (9) subject to the boundary condition (12), we
must choose the values of functions l(p) and a(p) which are
taken as [16]
(i) l(p) = Aexp(ap), a(p) = Bexp(bp), A> 0, B, a, bP 0.
(ii) lðpÞ ¼ A expðapÞ; aðpÞ ¼ B pp0
 m
; A > 0; B; a; mP 0.5, b= 4 andWe= 0.05 (a) a(p) = B exp(bp) (b) aðpÞ ¼ B p
p0
 m
.
5; b ¼ 4 and We= 0.05 (a) a(p) = B exp(bp) (b) aðpÞ ¼ B p
p0
 m
.
Fig. 4 Velocity proﬁle for Poiseuille ﬂow with l(p) = A exp(ap), C1 = 1 = C3 = C4, C2 = 0.5, m= 2 and We= 0.9. (a) a(p) = B
exp(bp) (b) aðpÞ ¼ B p
p0
 m
.
Fig. 5 Velocity proﬁle for Poiseuille ﬂow with lðpÞ ¼ A p
p0
 n
; C1 ¼ 1 ¼ C3 ¼ C4; C2 ¼ 0:5; n ¼ 2; m ¼ 3 and We= 0.9 (a)
a(p) = Bexp(bp) (b) aðpÞ ¼ B p
p0
 m
.
430 M.Y. Malik et al.(iii) lðpÞ ¼ A pp0
 n
; aðpÞ ¼ B expðbpÞ; A > 0; B; b; nP 0.
(iv) lðpÞ ¼ A pp0
 n
; aðpÞ ¼ B pp0
 m
; A > 0; B; m; nP 0.
With the help of these expressions, for each case Eq. (9)
take the following form
1þ 3
2
ðb 1Þ Wedu
dy
 2 !
d2u
dy2
 C1 1þ 1
2
ðb 1Þ Wedu
dy
 2 !
du
dy
 C2 1þ 1
2
ðb 1Þ Wedu
dy
 2 !
exp½C4ð1 yÞu
þ C3 exp½C1ð1 yÞ ¼ 0; ð13Þwith
C1 ¼ aqgh cos h;C2 ¼ Bh
2
A
exp½ðb aÞp0;
C3 ¼ qgh
2 sin h
UcA expðap0Þ
;C4 ¼ ðb aÞqgh cos h:
1þ 3
2
ðb 1Þ Wedu
dy
 2 !
d2u
dy2
 C1 1þ 1
2
ðb 1Þ Wedu
dy
 2 !
du
dy
 C2 1þ 1
2
ðb 1Þ Wedu
dy
 2 !
exp½C1ð1 yÞ
 ½1þ C4ð1 yÞmuþ C3 exp½C1ð1 yÞ ¼ 0; ð14Þ
Fig. 6 Velocity proﬁle for Poiseuille ﬂow with l(p) = A exp(ap), C1 = 1 = C4, C2 = 5 = C3, m= 2 and b= 4 (a) a(p) = B exp(bp) (b)
aðpÞ ¼ B p
p0
 m
.
Fig. 7 Velocity proﬁle for Poiseuille ﬂow with lðpÞ ¼ A p
p0
 n
; C1 ¼ 1 ¼ C4; C2 ¼ 5 ¼ C3; n ¼ 2; m ¼ 3 and b= 4 (a) a (p) = B
exp(bp) (b) aðpÞ ¼ B p
p0
 m
.
Table 2 For C1 = 1 = C4, C2 = 5 = C3, b= 0.4, n= 2,
m= 3 and We= 0.1 in case of Couette ﬂow.
y u
Case1 Case2 Case3 Case4
0 0 0 0 0
0.10 0.075799381 0.067917952 0.085307411 0.061143091
0.20 0.147684133 0.131293524 0.168464456 0.120446899
0.30 0.220579429 0.195616749 0.251125483 0.181760364
0.40 0.298241771 0.265555673 0.334975755 0.248691242
0.50 0.383679550 0.345275435 0.421838510 0.324872584
0.60 0.479381507 0.438555547 0.513816496 0.414185053
0.70 0.587421269 0.548717360 0.613495329 0.520955977
0.80 0.709475104 0.678360359 0.724257030 0.650148720
0.90 0.846773866 0.828910268 0.850793640 0.807554790
1.00 1.000000000 1.000000000 1.000000000 1.000000000
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C1 ¼ aqgh cos h;C2 ¼ Bh
2
A expðap0Þ
;C3 ¼ qgh
2 sin h
UcA expðap0Þ
;
C4 ¼ qgh cos h
p0
:
1þ 3
2
ðb 1Þ Wedu
dy
 2 !
d2u
dy2
 nC1
1þ C1ð1 yÞ
1þ 1
2
ðb 1Þ Wedu
dy
 2 !
du
dy
 C2 exp½C4ð1 yÞ½1þ C1ð1 yÞn
1þ 1
2
ðb 1Þ Wedu
dy
 2 !
uþ C3½1þ C1ð1 yÞn ¼ 0; ð15Þ
with
Fig. 8 Velocity proﬁle for Couette ﬂow with l(p) = A exp(ap), C3 = 5, b= 4, We= 0.05 and U0 = 1 (a) a(p) = B exp(bp) (b)
aðpÞ ¼ B p
p0
 m
.
Fig. 9 Velocity proﬁle for Couette ﬂow with lðpÞ ¼ A p
p0
 n
; C3 ¼ 5; b ¼ 4; We ¼ 0:05 and U0 = 1 (a) a(p) = B exp(bp) (b)
aðpÞ ¼ B p
p0
 m
.
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p0
;C2 ¼ Bh
2
A
expðbp0Þ;
C3 ¼ qgh
2 sin h
UcA
;C4 ¼ bqgh cos h:
1þ 3
2
ðb 1Þ Wedu
dy
 2 !
d2u
dy2
 nC1
1þ C1ð1 yÞ
1þ 1
2
ðb 1Þ Wedu
dy
 2 !
du
dy
 C2½1þ C1ð1 yÞmn
1þ 1
2
ðb 1Þ Wedu
dy
 2 !
uþ C3½1þ C1ð1 yÞn ¼ 0; ð16Þwith
C1 ¼ qgh cos h
p0
; C2 ¼ Bh
2
A
; C3 ¼ qgh
2 sin h
UcA
:5. Couette ﬂow
In this case, the lower boundary is at rest and the upper bound-
ary is moving with the constant velocityUh. The boundary con-
ditions for the problem in non-dimensional form are deﬁned as
uð0Þ ¼ 0; uð1Þ ¼ U0;
where U0 = Uh/Uc.
Fig. 10 Velocity Proﬁle for Couette ﬂow with l(p) = A exp(ap), C1 = 1 = C3 = C4, C2 = 5, m= 2, We= 0.9 and U0 = 1 (a)
a(p) = Bexp(bp) (b) aðpÞ ¼ B p
p0
 m
.
Fig. 11 Velocity proﬁle for Couette ﬂow with lðpÞ ¼ A p
p0
 n
; C1 ¼ 1 ¼ C3; C2 ¼ 5; n ¼ 2; m ¼ 3; We ¼ 0:5 and U0 = 1 (a) a(p) = B
exp(bp) (b) aðpÞ ¼ Bð p
p0
Þm.
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section (Eqs. (13)–(16)).
6. Solution of the problem
The solution for both the cases has been calculated by Shoot-
ing method using Runge-Kutta Fehlberg and the results have
been discussed through tables and graphs as follow.
7. Numerical results and discussion
The governing equations of Carreau ﬂuid with pressure-depen-
dent viscosities have been solved numerically for Poiseuille
ﬂow and Couette ﬂow.In Table 1, we have shown the numerical values of the
velocity proﬁle of Poiseuille ﬂow for four different cases of vis-
cosity and porous medium parameter. It is found out that for
each case the velocity is maximum at the center of the channel.
The velocity ﬁeld for different values of C0s is displayed in
Figs. 2 and 3 for various values of pressure dependent viscos-
ity. It predicts that with the increase in C0s, the velocity ﬁeld
decreases for each case of viscosity and porosity. Also, the
velocity is maximum at the center of the channel and gives
the maximum values in the absence of C0s. As the pressure
increases with depth, the viscosity l(p) and porosity a(p)
increases, i.e., the resistance to ﬂow rises and subsequently
the velocity falls. The Carreau model attempts to describe a
wide range of ﬂuids by the establishment of a curve-ﬁt with
functions for Newtonian and shear-thinning (b< 1)
Fig. 12 Velocity proﬁle for Couette ﬂow with l(p) = A exp(ap), C1 = 1 = C3 = C4, C2 = 5, b= 4, m= 2 and U0 = 1 (a) a(p) = B
exp(bp) (b) aðpÞ ¼ B p
p0
 m
.
Fig. 13 Velocity proﬁle for Couette ﬂow with lðpÞ ¼ A p
p0
 n
; C1 ¼ 1 ¼ C3; C2 ¼ 5; b ¼ 4; n ¼ 2; m ¼ 3 and U0 = 1 (a) a(p) = B
exp(bp) (b) aðpÞ ¼ B p
p0
 m
.
434 M.Y. Malik et al.non-Newtonian laws. The velocity proﬁle for different values
of power law index b is shown through Figs. 4 and 5 . It is
observed that with an increase in the power law index b , the
velocity proﬁle decreases for four different cases of viscosity
and porosity parameter. The Weissenberg number designates
the orientation generated by the deformation (see Figs. 6 and
7 for different values of Weissenberg number We. Further-
more, with an increase in We, velocity ﬁeld decreases for all
the cases of viscosity and porosity.
Table 2 gives the numerical values of velocity proﬁle for
four different cases of pressure dependent viscosities and
porosity of Couette ﬂow. The velocity proﬁle of C0s for Cou-
ette ﬂow are shown through Figs. 8 and 9 . It is analyzed that
velocity ﬁeld decreases with an increase in the values of C0s for
all the four cases of viscosity and porous medium parameter.
Thus, we can say that the pressure dependent viscosity causesdecrease in velocity. It has been realized that the velocity ﬁeld
for Couette ﬂow gives larger values in the absence of C0s as
Poiseuille ﬂow does. The velocity proﬁle for different values
of power law index b is given in Figs. 10 and 11 . It is seen that
the velocity ﬁeld increases with an increase in power law index
b for the cases 1 and 4. Variation of Weissenberg number We
for velocity proﬁle in Couette ﬂow is shown through Figs. 12
and 13 . Velocity proﬁle increases with an increase in the values
of Weissenberg number We for each case of viscosity and
porosity.
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